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Abstract

Practitioners frequently model failure times in reliability analysis via the Weibull distribution.
Often risk managers must make decisions after only a few failures. Thus, an important question
is how to estimate the parameters of this distribution for small sample sizes. This study
evaluates two methods: maximum likelihood estimation and median rank regression.
Asymptotically, we know that maximum likelihood estimation has superior properties; however,
this study seeks to evaluate these two methods for small numbers of failures and high degrees of
censoring. Specifically, this paper compares the two estimation methods based on their ability to
estimate the individual parameters, and the methods ability to predict future failures. The last
section of the paper provides recommendations on which method to use based on sample size,
the parameter values, and the degree of censoring present in the data.

1. Smulation Methodology

This study uses several quantities to evaluate how well the two methods estimate the true values
of and . Some notation will be useful in defining the evaluation criteria. Let,
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: isthe median for each of the 100 second simulation steps

« 71 isthe median for each of the 100 second simulation steps.

In addition to the and estimates, we are introducing a measure of variability, the median
absolute deviation (MAD) for the estimation of each of the parameters. We follow the same
simulation strategy to get afina average estimate of the MAD aswedo for theactual and . At
each of the 1000 replications of the first simulation step we calculate the absolute value of the
difference between the parameter estimate obtained with each of MLE and MRR and their
medians over these 1000 replications. Then, at the second simulation step, we take the median of



the 1000 absolute values. At the end of the second simulation step, we have four MAD vectors
corresponding to the two parameters estimation with each of the two methods: MLE and MRR.
MAD is arobust (less sensitive to the assumption of normality) estimator of variability for non-
normal distribution (Hoaglin (1983, page 291-293)). We can obtain an estimate of the standard
deviation by multiply MAD by a constant k. A commonly used value for k is 1.4826 (Hoaglin,
1983).

We also calculate a mean square error-type measure for each of the two parameters estimation
with each of the two methods. This measure includes a squared-bias component and a variance
component. We calculate a bias for each of the 1000 estimates of the two parameters for each of
the MLE and MRR methods as the difference between the estimate and the true value for the
parameter. Then we store the median bias from these 1000 values and repeat the process 100
times at the second step of the simulation. The squared median bias is the first component of the
pseudo-MSE measure. The second component is an approximate variance calculated as the
squared standard deviation estimated from the MAD. We calculate this measure for each of the
100 replications of the second stage simulation. We introduce the MAD measure as a
comparison criteria in terms of the variance of the utilized method, while the pseudo-MSE is
intended to be an indication of both accuracy and precision of the method.

The product of the two-stage simulation consists of vectors containing 100 elements for each of:
the median parameter estimates, the MAD estimates and the pseudo-MSE measures for each
parameter of interest, calculated using both MLE and MRR measures. For each of these
measures we calculate the average and the ssimulation error.

Then the evaluation criteria are:
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* Notethat the smulation error is equal here to the standard error of the median, for
each quantity of interest.

* We caculate a ssimulation error for each of the average median estimate, MAD,
and pseudo-M SE criteria.

Asymptotic theory tells us that MLE will outperform MRR for large sample sizes. We are
investigating small sample sizes (n<10) because of their practical importance to practitioners.
We aso evaluate one larger sample size (n=25) in order to verify the expected trend of the two
methods performance. It is anticipated that as the sample size increases MLE will start to
dominate MRR. A key question is a what sample size does MLE dominate MRR and does it
change for different values of the Weibull parameters.

Table 1: Parameter Valuesfor Simulation Study




2. The Uncensored Case

Data is generated in the uncensored data case using the values of and given in This study
uses several quantities to evaluate how well the two methods estimate the true values of  and
Some notation will be useful in defining the evaluation criteria. Let,

. J'§j isthe estimate for for each of the 1000 estimates from the first ssmulation step
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i istheestimatefor for each of the 1000 estimates from the first simulation step

« B isthe median for each of the 100 second simulation steps
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* 1 isthemedian for each of the 100 second simulation steps.

In addition to the and estimates, we are introducing a measure of variability, the median
absolute deviation (MAD) for the estimation of each of the parameters. We follow the same
simulation strategy to get afina average estimate of the MAD aswedo for theactua and . At
each of the 1000 replications of the first simulation step we calculate the absolute value of the
difference between the parameter estimate obtained with each of MLE and MRR and their
medians over these 1000 replications. Then, at the second simulation step, we take the median of
the 1000 absolute values. At the end of the second simulation step, we have four MAD vectors
corresponding to the two parameters estimation with each of the two methods: MLE and MRR.
MAD is arobust (less sensitive to the assumption of normality) estimator of variability for non-
normal distribution (Hoaglin (1983, page 291-293)). We can obtain an estimate of the standard
deviation by multiply MAD by a constant k. A commonly used value for k is 1.4826 (Hoaglin,
1983).

We also calculate a mean sguare error-type measure for each of the two parameters estimation
with each of the two methods. This measure includes a squared-bias component and a variance
component. We calculate a bias for each of the 1000 estimates of the two parameters for each of
the MLE and MRR methods as the difference between the estimate and the true value for the
parameter. Then we store the median bias from these 1000 values and repeat the process 100
times at the second step of the simulation. The squared median bias is the first component of the
pseudo-MSE measure. The second component is an approximate variance calculated as the
squared standard deviation estimated from the MAD. We calculate this measure for each of the
100 replications of the second stage simulation. We introduce the MAD measure as a
comparison criteria in terms of the variance of the utilized method, while the pseudo-MSE is
intended to be an indication of both accuracy and precision of the method.



The product of the two-stage simulation consists of vectors containing 100 elements for each of:
the median parameter estimates, the MAD estimates and the pseudo-MSE measures for each
parameter of interest, calculated using both MLE and MRR measures. For each of these
measures we calculate the average and the ssimulation error.

Then the evaluation criteriaare:
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* Notethat the smulation error is equal here to the standard error of the median, for
each quantity of interest.

* We cdculate a smulation error for each of the average median estimate, MAD,
and pseudo-M SE criteria.

Asymptotic theory tells us that MLE will outperform MRR for large sample sizes. We are
investigating small sample sizes (n<10) because of their practical importance to practitioners.
We aso evaluate one larger sample size (n=25) in order to verify the expected trend of the two
methods performance. It is anticipated that as the sample size increases MLE will start to
dominate MRR. A key question is a what sample size does MLE dominate MRR and does it
change for different values of the Weibull parameters.

and for sample sizes of 3, 5, 10 and 25.

Table2: Average Median Estimatesand Simulation Errorsfor =0.5and =333.3




Table 3: Average Median Estimatesand Simulation Errorsfor =1and =1000

Table4: Average Median Estimatesand Simulation Errorsfor =3and =1119.95




Table5: Average Median Estimates and Simulation Errorsfor =5and =1089.13




3. The Right-Censored Case

The following table summarizes the total number of units in the sample considered in this study.
In right censored data not all of the unitsin a samplefail.

Table 6: Sample Sizesfor Simulation Study

Table7: Average Median Estimatesand Simulation Errorsfor =0.5, =333 and Sample Size= 100




Table 8: Average M edian Estimatesand Simulation Errorsfor =0.5, =333.3, and Sample Size= 1000




Table9: Average Median Estimatesand Simulation Errorsfor =0.5, =333.3, and Sample Size = 5000

Table 10: Average Median Estimates and Simulation Errorsfor =1, =1000, and Sample Size = 100




Table 11: Average Median Estimatesand Simulation Errorsfor =1, =1000, and Sample Size= 1000




Table 12: Average Median Estimatesand Simulation Errorsfor =1, =1000, and Sample Size = 5000

Table 13: Average Median Estimatesand Simulation Errorsfor =3, =1119.95, Sample Size =100
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Table 14: Average Median Estimatesand Simulation Errorsfor =3, =1119.95, Sample Size = 1000




Table 15: Average Median Estimatesand Simulation Errorsfor =3, =1119.95, Sample Size = 5000




Table 16: Average Median Estimatesand Simulation Errorsfor =5, =1119.13, Sample Size = 100

Table 17: Average Median Estimatesand Simulation Errorsfor =5, =1089.13, Sample Size= 1,000




Table 18: Average Median Estimates and Simulation Errorsfor =5, =1089.13, Sample Size = 5,000




Another quantity of interest used in risk management is the estimation of the number of cycles
before which a certain proportion of population fails. In practice, predicting 1% and 10%
percentilesis of interest. Nelson (1985) and Meeker and Escobar (1998) provide the formula for
the failure time of the pth percentile:

tp = exp [;f + ‘T‘EEv(P}ﬂ]
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where 1 = logn 7 /8 and ®siv(®) is the inverse CDF for the smallest extreme value
distribution. It can be easily shown that this equation is equivalent to the formula given by
Abernethy (2004):

The percentile prediction uses the same two-stage simulation process as the parameter prediction
because the percentile estimation faces the same skewness issues. For the percentile prediction,
the difference between the predicted percentile and the true percentile at the first simulation stage
is calculated. Then the median difference is stored from the first 1000 replications. This process
is repeated 100 times and the fina estimate of the difference between the percentile prediction
and the true percentile value is the average of the medians. Therefore, a small magnitude
number implies a strong ability of the method to predict a certain percentile, while a large
magnitude number implies a weak ability to predict a percentile. A positive associated sign
indicates the method s tendency to over predict while a negative sign indicates a tendency to
under predict the respective percentile. In addition to these average median differences between
estimated percentile and the true percentile, we calculate the MAD and pseudo-MSE and the
associated simulation error, in asimilar manner as for the parameter estimation study.

Table 19: Average Median Differences between 1% Percentile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =0.5and =333, Sample Size n=100
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Table 20: Average Median Differ ences between 1% Per centile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =0.5and =333, Sample Size n=1000
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Table 21: Average Median Differences between 1% Percentile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =0.5and =333, Sample Size n=5000
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Table 22: Average Median Differ ences between 1% Per centile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =1and =1000, Sample Size n=100
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Table 23: Average Median Differences between 1% Percentile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =1and =1000, Sample Size n=5000
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Table 24: Average Median Differ ences between 1% Per centile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =1and =1000, Sample Size n=1000
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Table 25: Average Median Differ ences between 1% Per centile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =1and =1000, Sample Size n=5000
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Table 26: Average Median Differences between 1% Percentile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =3and =1119.95, Sample Size n=100
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Table 27: Average Median Differences between 1% Per centile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =3 and =1119.95, Sample Size n=1000
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Table 28: Average Median Differences between 1% Percentile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =3 and =1119.95, Sample Size n=5000
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Table 29: Average Median Differences between 1% Percentile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =5and =1089.13, Sample Size n=100
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Table 30: Average Median Differ ences between 1% Per centile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =5and =1089.13, Sample Size n=1000
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Table31: Average Median Differ ences between 1% Per centile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =5and =1089.13, Sample Size n=5000
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Table 32: Average Median Differences between 10" Percentile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =0.5and =333, Sample Size n=100
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Table 33: Average M edian Differences between 10th Percentile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =0.5and =333, Sample Size n=1000
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Table 34: Average Median Differences between 10" Percentile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =0.5and =333, Sample Size n=5000
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Table 35: Average Median Differences between 10" Percentile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =1and =1000, Sample Size n=100
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Table 36: Average Median Differences between 10" Percentile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =1and =1000, Sample Size n=1000
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Table 37: Average Median Differences between 10" Percentile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =1and =333, Sample Size n=5000
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Table 38: Average Median Differences between 10" Percentile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =3 and =1119.95, Sample Size n=100
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Table39: Average Median Differences between 10" Percentile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =3 and =1119.95, Sample Size n=1000
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Table 40: Average Median Differences between 10" Per centile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =3 and =1119.95, Sample Size n=5000
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Table 41: Average Median Differences between 10" Per centile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =5and =1089.95, Sample Size n=100




Table 42: Average Median Differences between 10" Per centile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =5and =1089.95, Sample Size n=1000
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Table 43: Average M edian Differences between 10" Percentile Estimate and the True Value, Average MAD and Average
pseudo-M SE calculated on the Differences, for =5and =1089.95, Sample Size n=5000
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4. Simulation Study for Risk Management: Prediction of Future Failures

This study uses the difference between the predicted and true number of failed units during the
following year, defined to be 500 cycles/year as the evaluation criteria for the prediction of
future failures. For the prediction study, we are considering the following combinations and
with asample size of 1000 unitsand 3, 5, 10 and 25 failures.

Table 44: Parameter Valuesfor Risk Management Study

We use the difference between the predicted and true number of failures to evaluate how well the
joint estimates of the parameters predict the number of failures over the next year. The predicted
number of failures for the next year given the time (t) of the last failure upon which we base the
estimation is:

E(No.Failures)=(n —rlp

where, n is the sample size, for this study n = 1000, r is the number of failures that have aready
occurred and p isthe probability of failurein the next year given by:

TR

where t is the time of 3, 5™ 10" or 25" failure and £: and 7i: are the estimated values for
and based on the number of failures that have already occurred at time t. The true number of
failures is simply the number of failures that occur in the sample of 1000 units within the
interval: [t. ¢+ 5001, The quantity of interest in the prediction study is therefore:

D = Pred(No.Failures) — True(No.Failures)

The prediction study is carried out using the same two-stage simulation process as the estimation
study. The two-stage process is again necessary because the differences in the prediction study
are skewed similarly to the estimates of and . The first stage produces the estimate of the
median difference over 1000 iterations. The second stage generates the sampling distribution of
these differences using 100 iterations.






